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1. Introduction
In [3], the first author generalized the well-known Freiheitssatz of Magnus [2]
for one-relator groups by proving the following Freiheitssatz: if an abstract group
is defined by n generators and m relations where n > m, then some subset of
n−m of the generators freely generates a free group. In [4], the corresponding
result was proved for pro-p groups. It is natural to ask whether similar results
hold for free products with relations. Consider a free product
G= 〈A1 ∗ · · · ∗An | h1, . . . , hm〉
of n abstract groups with m relations, where n >m. We say that the Freiheitssatz
holds for G if there exist n−m indices i1, . . . , in−m such that Ai1 ∗ · · · ∗ Ain−m
embeds canonically in G. Easy examples show that the Freiheitssatz does not
hold in general for such products, but in [7] it was proved that it does hold if
A1, . . . ,An satisfy suitable conditions and the relations h1, . . . , hm belong to the
Cartesian subgroup. Our object here is to prove a Freiheitssatz for certain free
products of pro-p groups with relations which both extends the Freiheitssatz for
pro-p groups from [4] and implies a result for pro-p groups similar to the main
result of [7] for abstract groups.
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We now formulate our main results. Throughout,F will denote the free product
(in the category of pro-p groups) of non-trivial pro-p groupsAi (i ∈ I) and a free
pro-p group X with basis {xj | j ∈ J }. We write
F = F(Ai, xj | i ∈ I, j ∈ J ).
We may assume that the index sets I , J are disjoint and that at least one of them is
non-empty. We are concerned mainly with quotient groups of F modulo normal
subgroups whose intersection with each Ai (but not necessarily with X) is the
trivial subgroup. The Cartesian subgroup C(F) of F is the intersection of the
kernels of the canonical maps from F to the groups Ai . Let K = I ∪ J . For each
L⊆K we set
FL = F(Ai, xj | i ∈ I ∩L, j ∈ J ∩L).
We write N for the class of all inverse limits of finitely generated torsion-free
nilpotent pro-p groups.
Theorem 1. Let G = 〈F | h1, . . . , hm〉 be the pro-p group obtained from F by
imposing the additional relations h1 = 1, . . . , hm = 1, where m < |K|. Suppose
that
(i) all groups Ai belong to N and
(ii) if m> 1 then h1, . . . , hm ∈C(F).
Then there exists a set L ⊆ K such that |K \ L| m and such that the quotient
map from F to G induces an embedding of FL in G. In other words, the group
〈F | h1, . . . , hm〉 satisfies the Freiheitssatz.
We shall also prove a Freiheitssatz for the so-called soluble products of pro-p
groups. For each integer n 0 we write
Sn = Sn(Ai, xj | i ∈ I, j ∈ J )
for the quotient group F/C(F)(n), where C(F)(n) denotes the nth term of the
derived series of C(F) (obtained by taking commutator subgroups n times).
Clearly the quotient map F → Sn induces embeddings of the groups Ai , and
the image of X in Sn is a free soluble pro-p group of derived length n. For L⊂K
we set
Sn,L = Sn(Ai, xj | i ∈ I ∩L, j ∈ J ∩L).
Theorem 2. Let Gn = 〈Sn | h1, . . . , hm〉, where m< |K|. Suppose that
(a) all groups Ai belong to N and
(b) h1, . . . , hm ∈ C(F).
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Then there exists a set L⊆K such that |K \L|m and such that for each integer
n 0 the canonical epimorphism Sn →Gn induces an embedding of Sn,L in Gn.
The case of Theorem 1 in which h1, . . . , hm ∈C(F) follows from Theorem 2.
In this case, by Theorem 2 there is a set L with |K \ L|  m such that each
map Sn,L → Gn is injective, and hence the map FL → G is injective since
FL = lim←−n Sn,L and G= lim←−n Gn.
When I is empty and J is finite, conditions (a), (b) are empty and we recover
the Freiheitssätze obtained in [4] for the category of pro-p groups and for the
variety of soluble pro-p groups of derived length at most n.
2. Preliminary results
Since we are concerned here with pro-p groups, terms such as subgroup,
homomorphism, group algebra and so on will be given the meanings appropriate
to the category of profinite groups; thus they refer to closed subgroups, continuous
homomorphisms, completed group algebras and so on. For further information
about profinite groups we refer the reader to the monograph [8].
Lemma 1. It suffices to prove Theorems 1 and 2 for the case when the index set
K is finite and all groups Ai are finitely generated torsion-free nilpotent pro-p
groups.
Proof. Suppose that the hypothesis of Theorem 1 holds.
First suppose that K is infinite. For L⊆K let πL :F → FL be the projection
map (in which Ai for i ∈ I \L and xj for j ∈ J \L are mapped to 1) and write
GL = 〈FL | h1πL, . . . , hmπL〉.
Let A be the set of all finite subsets of K containing at least m+ 1 elements,
and for each M ∈ A let RM be the set of subsets M ′ of M with |M \M ′|  m
such that FM ′ embeds in GM+ for some finite set M+ ⊃ M . If M ⊂ N then
clearly M ∩ N ′ ∈ RM whenever N ′ ∈ RN , and so N ′ → N ′ ∩M defines a map
RN → RM . Suppose that Theorem 1 holds for the case when the index set is finite.
Then for each set M ∈A there is a subset M ′ ⊂M with |M \M ′|m such that
FM ′ embeds in GM , and certainly M ′ ∈ RM . Therefore the family (RM |M ∈A)
becomes an inverse system of non-empty finite sets, and its inverse limit is non-
empty (see [8, 1.1.5]). Let {L′M |M ∈A} ∈ lim←−SM . Then the set L=
⋃
M∈AL′M
satisfies the conclusion of Theorem 1, since FL = lim←−FL′M and G= lim←−GM .
Now suppose that K is finite, and that the conclusion of Theorem 1 does not
hold. Thus for each L ⊆K with |K \ L|m there is an element uL = 1 which
is in both FL and the normal subgroup of F generated by h1, . . . , hm. Since
{uL | L ⊂ K} is finite and since each Ai is in N we can find finitely generated
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torsion-free nilpotent epimorphic images A′i of the groups Ai such that uLθ = 1
for each uL, where θ :F → F ′ = F(A′i , xj | i ∈ I , j ∈ J ) is the map induced
by the maps Ai → A′i . Therefore the conclusion of Theorem 1 does not hold
for the presentation 〈F ′ | h1θ, . . . , hmθ〉. The assertion of the lemma concerning
Theorem 1 follows, and an identical argument applies for Theorem 2. ✷
We shall need some facts from [4] about group algebras of pro-p groups.
A series
A= A(1) A(2)  · · ·A(n) A(n+1)  · · ·
of normal subgroups of a pro-p group A will be called convergent if each
neighbourhood of 1 in A contains some subgroup A(n).
Now fix a finitely generated pro-p group A having a convergent central series
A= A(1) A(2)  · · ·A(n) A(n+1)  · · ·
with torsion-free factors A(n)/A(n+1). Then each factor A(n)/A(n+1) is finitely
generated, and so, refining the series if necessary, we can assume that each
A(n)/A(n+1) is isomorphic to the additive group of the ring Zp of p-adic integers.
Let yn ∈A(n) generate A(n) modulo A(n+1).
In [4] it was shown that each element of the group algebra R = ZpA can be
written uniquely as an infinite Zp-linear combination of monomials of the form
(y1 − 1)m1 · · · (yn − 1)mn , where m1, . . . ,mn ∈ {0} ∪N. Let d be a function from
the set {yn − 1 | n ∈N} to N∪ {0} satisfying the following conditions:
d(yn− 1) n, d(yn+1 − 1) d(yn − 1), for all n, and
[yn1, yn2] ∈A(n) where d(yn − 1) > d(yn1 − 1)+ d(yn2 − 1),
for all n1, n2.
The function d extends to a norm on R. Write Rn for the ideal of elements of R
of norm at least n: thus A(n) − 1 ⊆Rn. It is easy to see that the associated graded
ring of R corresponding to the filtration (Rn)n∈N is a polynomial ring over Zp .
Cohn [1] has shown that a filtered ring can be embedded in a skew-field if its
associated graded ring satisfies the Ore condition; therefore every choice of norm
of the type described above leads to a skew-field Q in which R may be embedded.
The properties of such skew-fields were studied in detail in [4]. We fix a skew-
field Q and regard the free right R-module Rn as embedded in the right vector
space Qn over Q.
Lemma 2 (See [4, Proposition 7]). Let u1, . . . , um ∈ Rn and let U = (u1Q +
· · · + umQ) ∩Rn. Then U is a closed submodule of Rn, and the quotient module
M = Rn/U has a convergent series M =M1 M2  · · · of closed submodules
with Zp-torsion-free factors. Moreover MiRj ⊆Mi+j for all i, j .
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Suppose now in addition that A′ is a finitely generated pro-p group which is
a semidirect product of a normal pro-p subgroup B by the group A. If B has
a convergent central series
B = B(1)  B(2)  · · ·
with torsion-free factors such that [A(i),B(j)] B(i+j) for all i, j then
A′ =A(1)B(1) A(2)B(2)  · · ·
is a convergent central series for A′ with torsion-free factors. Let R′ = ZpA′. As
a right R-module, R′ is the direct sum of the subring R and the ideal (B − 1)R′.
We may choose a norm on R′ and embed R′ in the corresponding skew-field Q′;
if the norm on R′ extends the norm on R then it follows from [4] that QQ′.
Lemma 3 [4, Lemma 10]. Let u1, . . . , un ∈ Rn constitute a basis for the vector
space Qn, and let v1, . . . , vn lie in ((B − 1)R′)n. Then there is a norm on R′,
extending the norm on R, such that if Q′ is the skew-field corresponding to the
norm on R′, then u1 + v1, . . . , un + vn constitute a basis for the vector space
(Q′)n over Q′.
We shall need the analogue of the Magnus embedding for pro-p groups of the
form F/[H,H ].
Lemma 4 (See [6, Theorem 3]). Let H be a normal subgroup of F = F(Ai, xj |
i ∈ I, j ∈ J ) such that H ∩Ai = 1 for each i ∈ I, and let A= F/H . Write f¯ for
the image in A of f ∈ F . Let R = ZpA, let T be the free right R-module with
basis {tk | k ∈ I ∪ J }, and consider the group of matrices(
A 0
T 1
)
and the homomorphism
τ :F →
(
A 0
T 1
)
defined by
ai →
(
a¯i 0
ti (a¯i − 1) 1
)
, ai ∈Ai, i ∈ I ; xj →
(
x¯j 0
tj 1
)
, j ∈ J.
Then ker τ = [H,H ], so that τ induces an embedding of F/[H,H ]. A matrix(
a 0∑
tkuk 1
)
lies in the image of τ if and only if
(i) ui ∈ (Ai − 1)R for each i and
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(ii) ∑i∈I ui +∑j∈J (x¯j − 1)uj = a − 1.
Lemma 5. The class N is closed with respect to free products.
Proof. Since the free product of an infinite family of pro-p groups is the inverse
limit of the free products of the finite subfamilies, it suffices to consider free
products with only finitely many factors; and so by induction it suffices to consider
products with two factors. Since the operations of taking inverse limits and of
taking free products of two groups commute, it suffices to show that if A1, A2 are
finitely generated torsion-free nilpotent pro-p groups then B =A1 ∗A2 ∈N . Let
C be the Cartesian subgroup of B . Since⋂
n∈N
C(n) = 1,
it suffices to prove that each group B/C(n) has a convergent central series with
torsion-free factors.
Clearly the group B/C(0) = A1 × A2 has such a series. Suppose that there is
such a series A = A(1)  A(2)  · · · in the group A = B/C(n). Write R = ZpA
and let T be the free right R-module with basis {t1, t2}. By Lemma 4, B/C(n+1)
can be embedded in the group
G=
(
A 0
T 1
)
.
Take a norm on R of the type described above and for each m let Rm be the
ideal of elements of norm at least m. Set Tm = t1Rm ⊕ t2Rm for each m. Then
TlRm ⊆ Tl+m for all l, m, and
G=
(
A(1) 0
T1 1
)

(
A(2) 0
T2 1
)
 · · ·
is a central series for G with torsion-free factors. Therefore B/C(n+1) has such
a series. ✷
Lemma 6. Let A,B be pro-p groups such that ZpA, ZpB are domains. Write
D = A × B and R = ZpD. Let a, b be non-trivial elements of A,B and let
0 = l ∈ Zp . Then
bl − 1 /∈ (ab− 1)R + (A− 1)(B − 1)R.
Proof. As a Zp-module, R can be written as the direct sum
R = Zp ⊕ (A− 1)ZpA⊕ (B − 1)ZpB ⊕ (A− 1)(B − 1)R.
Suppose that
bl − 1≡ (ab− 1)u mod (A− 1)(B − 1)R
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with u ∈ R, and write u= u0 + u1 + u2 + u3, where
u0 ∈ Zp, u1 ∈ (A− 1)ZpA, u2 ∈ (B − 1)ZpB,
u3 ∈ (A− 1)(B − 1)R.
Modulo (A− 1)(B − 1)R we have
ab− 1 ≡ (a − 1)+ (b− 1)
and hence
bl − 1 ≡ (a − 1)u+ (b− 1)u≡ (a − 1)(u0 + u1)+ (b− 1)(u0 + u2).
Therefore (a − 1)(u0 + u1) = 0, and so since ZpA is a domain we have
u0 + u1 = 0. It follows that u0 = u1 = 0 and that bl − 1 = (b − 1)u2. Since
bn− 1≡ n(b− 1) mod (b− 1)2ZpB for all n ∈ Z and since Z is dense in Zp we
now have (b− 1)(l − u2) ∈ (b− 1)2ZpB , and hence l − u2 ∈ (b− 1)ZpB since
ZpB is a domain. Therefore we have a contradiction and the lemma follows. ✷
Lemma 7. Let H be a subgroup of a pro-p group G. Then
(a) ZpG is a free right ZpH -module and it has a basis containing the element 1;
and
(b) there is a subset Y of ZpG which is convergent to 0 and such that ZpG is the
(complete) direct sum ZpH ⊕⊕y∈Y ZpHy .
Proof. (a) We use some results from [8]. Let T be a subset of a ZpH -module L.
We say that L is the t-free ZpH -module with basis T if the following universal
property holds: every continuous function from T to a profinite ZpH -module
extends uniquely to a (continuous) module homomorphism from L. (If T is
infinite this differs from the free module on T , whose universal property refers
to maps from T in which all but finitely many elements have zero image.)
Let T be a closed left transversal to H in G with 1 ∈ T . By [8, 7.6.3], ZpH
is the t-free ZpH -module with basis T ; in particular, ZpG is the direct sum of
ZpH and a t-free module M . By [8, 7.6.2], M is a projective ZpH -module, and
since ZpH is a profinite local ring by [8, 7.5.2] we conclude that M is a free
ZpH -module by [8, 7.5.1]. The result follows.
(b) By (a) there is a subset X of ZpG such that ZpG= ZpH ⊕⊕x∈X xZpH ,
and the result follows on application of the Zp-module automorphism of ZpG
defined by g → g−1 for all g ∈G. ✷
3. Proof of Theorem 2
By Lemma 1, it is enough to consider the groups 〈Sn | h1, . . . , hm〉, where
Sn = F/C(F)(n) and F = F(Ai, xj | i ∈ I, j ∈ J ),
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such that K = I ∪ J is finite, all groups Ai are finitely generated torsion-free
nilpotent pro-p groups and the relations h1, . . . , hm are in C(F). Let H be the
normal subgroup of F generated by h1, . . . , hm. We shall prove the following
stronger result by induction on n; Theorem 2 is obtained by taking L=⋂L(n).
Proposition 1. For each integer n 0 there exist
(1) a homomorphism ϕ from F to a finitely generated pro-p group A which has
a convergent central series A=A(1) A(2)  · · · with torsion-free factors,
(2) a subset L(n) of K , which satisfies L(n)⊆ L(n− 1) if n 1, and
(3) a norm on the ring R = ZpA determining a skew-field Q in which R may be
embedded,
such that the following conditions hold.
(i) C(F)  kerϕ  H · C(F)(n); in particular, ϕ factors through the group
Gn = 〈Sn | h1, . . . , hm〉.
(ii) |K \L|m and kerϕ ∩FL = C(FL)(n) where L= L(n); thus FLϕ ∼= Sn,L.
(iii) Let V be the right vector space over Q with basis {tk | k ∈ K} and let
T =∑k∈K tkR. Consider the homomorphism
ψ :F →
(
A 0
T 1
)
defined by
ai →
(
aiϕ 0
ti(aiϕ − 1) 1
)
, ai ∈Ai, i ∈ I ;
xj →
(
xjϕ 0
tj 1
)
, j ∈ J.
The elements of Hψ are unitriangular matrices; let
h1ψ =
(
1 0
u1 1
)
, . . . , hmψ =
(
1 0
um 1
)
.
Then
V =
(∑
l∈L
tlQ
)
⊕ (u1Q+ · · · + umQ).
Proof. For n= 0 we take A= F/C(F) and let ϕ :F → A be the quotient map.
By hypothesis, H  C(F). Since A is isomorphic to the (Cartesian) product∏
i∈I Ai it has a convergent central series with torsion-free factors. We choose
a norm on ZpA and let Q be the corresponding skew-field, and we then choose
L= L(0) such that the vector space V is the direct sum of the subspaces∑l∈L tlQ
and u1Q+ · · ·+ umQ. Since dim(u1Q+ · · ·+ umQ)m we have |K \L|m.
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Suppose now that the conclusion of the proposition holds for some integer
n 0. Consider the R-modules U = (u1Q+ · · ·+ umQ)∩ T and M = T/U . Set
A′ =
(
A 0
M 1
)
.
Thus A′ is finitely generated and by the remarks following Lemma 2 it has
a convergent central series with torsion-free factors, since it is a semidirect
product of(
A 0
0 1
)
which is isomorphic to A, and the abelian normal subgroup
B =
(
1 0
M 1
)
which is isomorphic as an R-module to M . Let
τ :
(
A 0
T 1
)
→
(
A 0
M 1
)
=A′
be the map induced by the quotient map T →M and let ϕ′ = ψτ :F → A′. By
construction, C(F)  kerϕ′  H ·C(F)(n+1). By (iii) the images in M of the
elements tl with l ∈ L freely generate a free R-module and by (ii) and Lemma 4
we have kerϕ′ ∩FL = C(FL)(n+1).
We consider the ring R′ = ZpA′, the free right R′-module T ′ =∑k∈K tkR′
and the homomorphism
ψ ′ :F →
(
A′ 0
T ′ 1
)
,
defined by
ai →
(
aiϕ
′ 0
ti (aiϕ
′ − 1) 1
)
, ai ∈Ai, i ∈ I ;
xj →
(
xjϕ
′ 0
tj 1
)
, j ∈ J.
Let
h1ψ
′ =
(
1 0
u′1 1
)
, . . . , hmψ
′ =
(
1 0
u′m 1
)
.
The map
σ :
(
A′ 0
T ′ 1
)
→
(
A 0
T 1
)
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induced by the obvious maps A′ → A and T ′ → T satisfies ψ = ψ ′σ , and so
the images of u′1, . . . , u′m in T are u1, . . . , um. Therefore we can write u′1 =
u1 + v1, . . . , u′m = um + vm with v1, . . . , vm ∈
∑
k∈K tk(B − 1)R′. We recall that
V =
(∑
l∈L
tlQ
)
⊕ (u1Q+ · · · + umQ).
After renumbering if necessary, we can suppose that u1, . . . , us constitute a basis
for u1Q+ · · · + umQ, where s = |K| − |L|. By Lemma 3 we can find a norm on
R′ extending the norm on R and use it to embed R′ in a skew-field Q′ Q such
that {tl | l ∈ L} ∪ {u′1, . . . , u′s} is a basis of V ′ =
∑
k∈K tkQ′. We choose a subset
L′ ⊆ L such that
V ′ =
(∑
l′∈L′
tl′Q
′
)
⊕ (u′1Q′ + · · · + u′mQ′).
Since dim(u′1Q′ + · · ·+u′mQ′)m, we have |K \L′|m. Setting L(n+1)= L′
we have now completed the induction step from n to n+ 1.
This concludes the proof of Proposition 1, and therefore the proof of
Theorem 2. ✷
4. Free products with one relation
We now complete the proof of Theorem 1. Since the case in which the relations
lie in the Cartesian subgroup follows from Theorem 2, it remains to study the case
when G= 〈F | h〉 and when h has non-trivial projection in Ai0 for some i0 ∈ I .
Let L= I \ {i0}. We must prove that FL embeds in G, and this is clear unless the
projection of h in FL is non-trivial. By Lemma 4 the group FL belongs to N and
so since F = Ai0 ∗ FL, it is sufficient to prove the following result.
Proposition 2. Let the pro-p groupsA, B belong toN and let h ∈A∗B . Suppose
that the projections a, b of h in A, B are non-trivial. Then the canonical maps
from A, B to 〈A ∗B | h〉 are embeddings.
Proof. We can suppose that A, B are finitely generated torsion-free nilpotent
pro-p groups. Since repeated subgroups can be added to central series, there are
central series of equal length with torsion-free factors
A= A1 A2  · · ·An An+1 = 1,
B = B1  B2  · · · Bn Bn+1 = 1,
such that a ∈Ar−1 \Ar and b ∈ Br−1 \Br for some r . Set A= A/Ar , B = B/Br ,
and let a¯, b¯ be the images of a, b in A, B . Let l be the greatest integer such that
a¯b¯ has a pl th root in A×B and let d be such a root. Then
C = (A×B )/〈d〉
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is a finitely generated torsion-free nilpotent group. We identify A, B with their
images in C.
We regard A, B as quotients of free pro-p groups E1, E2 with finite bases
{xi | i ∈ I } and {xj | j ∈ J }. Then A ∗B is an epimorphic image of the free pro-p
group E = E1 ∗ E2 with basis {xk | k ∈ K} where K = I ∪ J . Fix a preimage e
for h in E. Let σ :E→ C be the canonical epimorphism; thus eσ = 1.
Write R = ZpC, let T be the free right R-module with basis {tk | k ∈K} and
consider the homomorphism
τ :E→
(
C 0
T 1
)
,
defined by
xk →
(
xkσ 0
tk 1
)
for k ∈K.
Let
eτ =
(
1 0
u 1
)
,
and write u= u1 + u2, where
u1 ∈ T1 =
∑
i∈I
tiR, u2 ∈ T2 =
∑
j∈J
tjR.
Let λ :T → R be the module homomorphism defined by tkλ = xkσ − 1 for
k ∈K . By Lemma 4, a matrix(
c 0
t 1
)
lies in the image of τ if and only if c− 1 = tλ. Hence uλ= 0. Write e = e1e2e3
with e1 ∈ E1, e2 ∈ E2 and e3 in the kernel of the map from E to E1 ×E2. Thus
e1σ = a¯, e2σ = b¯, e3σ = 1. Write
e1τ =
(
a¯ 0
v1 1
)
, e2τ =
(
b¯ 0
v2 1
)
, e3τ =
(
1 0
w1 +w2 1
)
,
with w1 ∈ T1, w2 ∈ T2. Clearly,
v1 ∈ T1, v2 ∈ T2, u1 = v1b¯+w1, u2 = v2 +w2.
The map δ :E→ T defined by
f τ =
(
f¯ 0
f δ 1
)
is clearly a derivation, that is, (f1f2)δ = (f1δ)f¯2 + f2δ for all f1, f2 ∈ E; using
this one verifies easily that
w1 ∈ T1
(
B − 1), w2 ∈ T2(A− 1).
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It follows that
u2λ= v2λ+w2λ= b¯− 1+w2λ≡ b¯− 1 mod
(
A− 1)(B − 1)R.
Write d = a¯1b¯1 with a¯1 ∈A, b¯1 ∈B . By Lemma 6 we have
b¯− 1 = b¯1pl − 1 /∈ (d − 1)Zp
(
A×B)+ (A− 1)(B − 1)Zp(A×B)
and we conclude that u2λ = 0.
Now we carry out an inductive procedure similar to the one in the proof of
Proposition 1. Suppose that for some m with r m n there exist the following:
• a finitely generated pro-p groupC′ having a finite series of normal subgroups
with torsion-free abelian factors;
• an epimorphism σ ′ :E → C′ which factors through 〈A ∗ B | h〉 and which
induces embeddings of A/Am, B/Bm;
• an epimorphism γ :C′ → C such that the following diagram is commutative:
E
σσ ′
〈A ∗B | h〉
C′ γ C .
By [5, Corollary to Lemma 2], the group ring R′ = ZpC′ is a domain. Let T ′
be the free right R′-module with basis {t ′k | k ∈ K}, and let T ′1, T ′2 be the R′-
submodules with bases {t ′i | i ∈ I }, {t ′j | j ∈ J }. Let λ′ :T ′ → R′ be the module
homomorphism defined by t ′k → xkσ ′ − 1 for k ∈K and let
τ ′ :E→
(
C′ 0
T ′ 1
)
be the group homomorphism defined by
xk →
(
xkσ
′ 0
t ′k 1
)
for k ∈K.
The group epimorphism γ :C′ → C induces a ring epimorphism R′ → R; this,
together with the map t ′k → tk for k ∈ K , determines a module epimorphism
T ′ → T , and therefore a group epimorphism(
C′ 0
T ′ 1
)
→
(
C 0
T 1
)
such that the following diagrams are commutative:
F
τ
(
C′ 0
T ′ 1
)
τ ′(
C 0
T 1
)
,
T ′
γ ′
T
γ
R′ R .
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Let
eτ ′ =
(
1 0
u′ 1
)
and write u′ = u′1 + u′2 with u′1 ∈ T ′1, u′2 ∈ T ′2. The commutative diagrams above
give
f
(
1 0
u′1 + u′2 1
)
(
1 0
u1 + u2 1
)
,
u′2 u2
u′2λ′ u2λ.
In particular we have u′2λ′ = 0.
Let A′, B ′ be the images of A, B in C′, and write
TA =
∑
i∈I
t ′iZpA′ and TB =
∑
j∈J
t ′jZpB ′.
Let N =E1 ∩ kerσ ′. The map τ induces a map
E1 →
(
A′ 0
TA 1
)
with kernel [N,N] by Lemma 4; the image of N is(
1 0
TA ∩ kerλ′ 1
)
.
Since A′ ∼= A/Am and Am/Am+1 is abelian there is an epimorphism from
E1/[N,N] to A/Am+1 with kernel contained in N/[N,N], and so there is
a ZpA
′
-submodule V  TA ∩ kerλ′ such that the canonical map
E1 →
(
A′ 0
TA/V 1
)
induces an embedding of A/Am+1. There are group isomorphisms
(TA ∩ kerλ′)/V ∼=Am/Am+1
and
TA/(TA ∩ kerλ′)∼= TAλ′ = (A′ − 1)ZpA,
and so the group TA/V is torsion-free. Since R′ is a domain, for each y ∈R′ \ {0}
the map k → ky induces a group isomorphism TA/V → TAy/Vy , and so
TAy/Vy is torsion-free.
Write V = VR′. By Lemma 7 there is a subset Y of R′ such that R′ is the
(complete) direct sum of the Zp-submodules ZpA′ and ZpA′y with y ∈ Y . Since
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T ′1, TA are free modules for R′, ZpA′ with the same basis and since V  T ′1 we
have
T ′1 = TA ⊕
⊕
y∈Y
TAy, V = V ⊕
⊕
y∈Y
Vy.
This implies that TA ∩ V = V , and also that there is a group isomorphism
T ′1/V ∼= TA/V ⊕
⊕
y∈Y
TAy/Vy,
so that T ′1/V is torsion-free.
Similarly there exists a ZpB-submodule W  TB ∩ kerλ′ such that the
canonical map
E2 →
(
B ′ 0
TB/W 1
)
induces an embedding of B/Bm+1, and moreover T ′2/W is torsion-free, where
W =WR′ . Since T ′/(V +W)∼= T ′1/V ⊕T ′2/W , the group T ′/(V +W) is torsion-
free.
We show now that TA ∩ (V +W + u′R′)= V . Let v +w + u′z ∈ TA, where
v ∈ V , w ∈W , z ∈ R′. Since TA  T ′1 and T ′ = T ′1 ⊕ T ′2 we have w + u′2z = 0.
Since wλ′ = 0, u′2λ′ = 0 and since R′ is a domain we have z= 0. Therefore
v+w+ u′z= v +w ∈ TA ∩
(
V +W )= TA ∩ V = V,
as required.
Let ps be the largest power of p which divides u′2λ′ = −u′1λ′ in the ringR′. We
claim that elements of finite order in T ′/(V +W + u′R′) have order dividing ps .
Let 0 = t = t1 + t2 ∈ T ′, r > s and tpr = v + w + u′z, where t1 ∈ T ′1, t ′2 ∈ T ′2,
v ∈ V , w ∈W , z ∈ R′. Then t1λ′ · pr = u′1λ′ · z and so z = z0 · pr−s for some
z0 ∈ R′. Since (tps − u′z0)pr−s ∈ V +W and since T ′/(V +W) is torsion-free
we have tps − u′z0 ∈ V +W , and our claim follows.
Therefore the elements of finite order in T ′/(V + W + u′R′) constitute
a submodule which is closed (being the kernel of the continuous map x → psx);
let this module be U/(V +W +u′R′). Since TA∩ (V +W +u′R′)= V and since
TA/V is torsion-free, we have TA ∩U = V . Similarly TB ∩U =W .
Write
σ ′′ :E→
(
C′ 0
T ′/U 1
)
for the composite of τ ′ and the map(
C′ 0
T ′ 1
)
→
(
C′ 0
T ′/U 1
)
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induced by the quotient map T ′ → T ′/U . Let C′′ = Eσ ′′ and write σ ′′ also for
the induced epimorphism E→ C′′; by construction it factors through 〈A ∗B | h〉
and induces embeddings of A/Am+1 and B/Bm+1. Since the group(
C′ 0
T ′/U 1
)
is an extension of the torsion-free abelian normal subgroup(
1 0
T ′/U 1
)
by a group isomorphic to C′, both this group and its subgroup C′′ have finite
series of normal subgroups with torsion-free abelian factors. Writing γ ′ :C′′ →C
for the composite of the canonical epimorphism C′′ → C′ and γ :C′ → C, we
obtain the commutative diagram
E
σσ ′′
〈A ∗B | h〉
C′′
γ ′ C .
Therefore we have completed the induction step from m to m+ 1. In the first step
in the induction we take C′ = C. In the final step, we obtain an epimorphism
from E which factors through 〈A ∗ B | h〉 and which induces embeddings of
A = A/An+1 and B = B/Bn+1. It follows that A and B are embedded in
〈A ∗B | h〉. This completes the proof of Proposition 2. ✷
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